We calculate the S-wave scattering lengths for charmed mesons scattering off Goldstone bosons and explore their quark mass dependence using chiral perturbation theory up to next-to-leading order as well as a unitarized version of it. The quark mass dependence of all scattering lengths determined in a recent lattice calculation can be reproduced by the unitarized version. We also discuss signals of possible bound states in these observables.
Introduction
The interaction strengths amongst hadrons are fundamental quantities of the strong interactions. There are two different approaches to analyze the low-energy scattering amplitudes in a model-independent manner. First, one can use the chiral perturbation theory (ChPT) representation of the pertinent scattering amplitude which is given in terms of a few LECs. These might either be determined directly from experiment or from full QCD calculations performed on a discretized space-time lattice. A beautiful example in this context is the accurate determination of the pionic LECs l 3 and l 4 from lattice simulations -see Refs. [1] and references therein. The second approach to address the issue of scattering lengths is the exploitation of Lüscher's formula [2, 3] in the analysis of the lattice gauge theory results. It allows one to relate two-particle scattering lengths to the behaviour of certain energy levels in a finite volume. In full lattice QCD, the maximally stretched states for ππ, πK and KK scattering have been systematically and accurately analyzed by the NPLQCD collaboration based on an extension of the Lüscher formula (for a review, see Ref. [4] and references therein).
In this paper we will discuss another sector, where the same program can be carried out, namely the scattering of Goldstone bosons off D-mesons. A recent lattice study for these systems is given in Ref. [5] . However, contrary to the ππ system, here an additional complication may occur, for the interaction in some channels might be sufficiently strong to show nonperturbative phenomena even on the level of hadron-hadron scattering, eventually leading to hadron bound states -the a Email address: f.k.guo@fz-juelich.de b Email address: c.hanhart@fz-juelich.de c Email address: meissner@itkp.uni-bonn.de so-called hadronic molecules. A famous example of relevance here is the D * s0 (2317) identified as a DK bound state in various studies [6, 7, 8, 9] . We will discuss to what extent non-perturbative phenomena might already be present in the channels investigated on the lattice and also point out the most interesting channels not yet studied. Note also that a detailed knowledge of Goldstone boson-D-meson scattering is not only of interest on its own, it is also an essential input for calculations of D-mesons in matter [10] .
Preceding the direct lattice calculations of the Goldstone boson-D-meson scattering lengths, the one for the I = 1/2 Dπ channel (where I denotes the total isospin) was extracted using the lattice calculations of the Dπ scalar form factor in semileptonic D → π decays in Ref. [11] . The result was M π a = 0.29(4), i.e. a = 0.41(6) fm (where a denotes the scattering length). Using the same method, the value of the isoscalar DK scattering length was found to be effectively infinite, which was interpreted as a signal of a bound state of DK at threshold.
In this paper, we present a systematic study of the S-wave scattering lengths of the Goldstone boson-D-meson interactions for all possible channels. In Section 2, the results in the physical world (i.e. at the physical values of the quark masses) are calculated to leading order (LO) and next-to-leading order (NLO) in the chiral expansion, as well as those obtained using unitarized scattering amplitudes. In Section 3, we extrapolate the results to unphysical quark masses using the unitarized scattering amplitudes. Some discussions and a brief summary is given in Section 4. Some useful isospin relations are relegated to Appendix A.
Scattering lengths at the physical quark masses

The chiral effective Lagrangians
The leading order Lagrangian is just given by the kinetic and the mass term of the heavy mesons (chirally coupled to pions) [12, 13, 14] 
collecting the charmed mesons with the chiral limit mass
where
with F the Goldstone boson decay constant in the chiral limit (which we will identify with the pion decay constant in the following). The Goldstone bosons are collected in the matrixvalued field
Since we are only interested in the scattering lengths with definite isospin, we only consider the strong interaction part of the NLO chiral Lagrangian describing the interactions of the pseudoscalar charmed mesons with the Goldstone bosons, which reads [15] 
The quark mass matrix is diagonal
in terms of B = | 0|qq|0 |/F 2 . The unknown coefficients h i (i = 0, . . . , 6) are the pertinent LECs. At O(p 2 ), h 1 can be determined from the mass differences among the D-mesons as h 1 = 0.42 [15] . In the following, we choose to drop the terms with one more flavor trace in the NLO Lagrangian, i.e. the h 0 , h 2 and h 4 terms, which are suppressed in the large N C -limit of QCD [16, 17] . The h 6 term is also dropped since it is suppressed by one order due to the commutator structure. We are therefore left with only two free, active parameters, namely h 3 and h 5 . It can be shown that the contributions of the h 5 and h 3 terms to S-wave amplitudes differ only at O(p/m D ). Therefore a variation of h 3 within its natural bounds for a given h 5 provides an estimate for higher order contributions [15] .
Numerical results for the scattering lengths
We first consider the perturbative chiral expansion of the scattering amplitude, T = T (1) + T (2) + . . ., where the superscript denotes the chiral dimension. We work here to NLO, that is chiral dimension two. In that case, the scattering amplitudes are real and can be written as
with
The coefficients in all the amplitudes for the Goldstone boson-D-meson scattering are given in Table 1 . The NLO S-wave elastic scattering amplitudes at threshold of the participating particles can be cast into the form
with M 1 and M 2 denoting the masses of the scattered heavy and light mesons, respectively. Note that from Table 1 one can see that the most attractive interaction occurs in the (S, I) = (1, 0) DK channel, where S (I) denotes the total strangeness (isospin) of the two-meson system. This is the reason why in this channel the D * s0 (2317) was generated dynamically in many previous works [6, 7, 8, 9] .
The S-wave scattering length parameterizes the scattering amplitude at threshold
Up to the order we are working, F can be replaced by the physical pion decay constant F π = 92.4 MeV. We take the physical masses for all the mesons, i.e., M π = 138 MeV, M K = 496 MeV, M η = 548 MeV, M D = 1867 MeV, and M Ds = 1968 MeV [18] . The results for the S-wave scattering lengths at LO are given in the third column of Table 2 .
To work out the results to NLO, we take the dimensionless low-energy constant h [15] . 1 Correspondingly, h 3 is determined 1 There is a typo in Ref. [15] . There h while the correct one should be h5M Table 1 . The coefficients in the scattering amplitudes. Here, S (I) denotes the total strangeness (isospin) of the two-meson system. Table 2 . The S-wave scattering lengths from calculations at LO and NLO (units are fm). The results using unitarized amplitudes are also given in the two columns denoted by UChPT and CUChPT, representing one-channel and coupled-channel unitarized chiral perturbation theory, respectively.
from fitting to the mass of the D * s0 (2317) in the full calculation, to be described below. This leads to h 3 = −1.479 for h ′ 5 = 1, and h 3 = 2.315 for h
The results for the S-wave scattering lengths using these input parameters also for the perturbative calculation to NLO are given in the fourth column of Table 2 with the uncertainties from the lack of knowledge of h 3 and h ′ 5 . We use these uncertainties as an estimate for possible higher order corrections. A comparison of the NLO results with the LO ones shows a good convergence of the chiral expansion, especially for channels where only D-mesons and pions are involved. Even in the channels with kaons or etas, no dramatic NLO corrections are found.
The above calculations are performed with perturbation theory up to a given order. However, a perturbative expansion to a finite order can never be reliable, if there is a bound state, a virtual state, or a resonance near by. All of these are nonperturbative phenomena, and the presence of such kind of state would modify the results from perturbation theory significantly. Therefore, we unitarize the amplitudes obtained from ChPT according to the method of Ref. [19] (called UChPT in the following. An early review on this method is [20] ). The unitarized amplitude is then given by the following resummation
with V (s) the S-wave projection of the scattering amplitude
is the scalar two-meson loop integral [19, 21] regularized by a subtraction constant a(µ) with µ denoting the scale of the dimensional regularization. The expression of the loop integral at threshold is Table 3 . Real parts, imaginary parts and Riemann sheet (RS) of the pole positions for the one-channel calculations for two parameter sets. All masses/energies are given in MeV.
(S, I) h rather simple
We will use the subtraction constant determined in Ref. [15] , i.e. a(1 GeV) = −1.846. Then the scattering lengths with the unitarized amplitude for each channel can be obtained easily, and the results are given in the column denoted by UChPT in Table 2 . For the channels with repulsive interactions, i.e. those with negative scattering lengths at LO and NLO in the convention used here, the correction from the resummation is not dramatic. It is several percent for the channels without kaons, and 50% for the channels with kaons at most. For the channels with attractive interactions, i.e. those with positive scattering lengths at LO and NLO, the smallest correction is already 50% for the (0, 1/2) Dπ channel. Both the scattering lengths of the (−1, 0) DK and (0, 1/2) D sK channels change from about 0.3 fm to about 1 fm, and that of the (1, 0) DK even changes the sign. These dramatic changes can be understood on the basis of the singularity structure of the unitarized amplitudes. At this point some general remarks are in order. Imagine some energy-independent potential that provides an attractive force between two particles. As the strength of the force is increased, eventually a virtual state appears in the unitarized scattering amplitude. A virtual state is a singularity below threshold on the real axis on the second sheet of the complex s-plane of the S-matrix. As the interaction strength is further increased the pole moves closer and closer to the threshold. At the same time the scattering length grows to become positive infinity when the pole hits the threshold. This situation is almost realized in nn scattering near threshold which shows an exceptionally large scattering length of about 18 fm. If the strength of the interaction is increased even further, the pole jumps on the physical sheet -the state becomes a bound state. Correspondingly the scattering length changes sign and starts to increase from negative infinity as the pole moves away from the threshold -this is the case that applies to the deuteron channel of nucleon-nucleon scattering, where the scattering length is about −5 fm (Note that the sign conventions in nucleonnucleon scattering are often different to those used here). These scenarios are discussed in various textbooks, see e.g. Refs. [22, 23] . For energy-dependent interactions one may even start from a resonance, which corresponds to two poles in the second Riemann sheet, both located as mirror images with respect to reflections on the real axis. This is illustrated as the points A and A' in Fig. 1 . Then an increase of the interaction strength will let the magnitude of both the real part and the imaginary part decrease and will eventually lead to poles located below the elastic threshold, but still with non-vanishing imaginary parts (B and B' in the figure) . A further increase in the strength of the potential might convert the two resonance poles into two virtual states (C and C' in the figure). As the strength parameter gets increased even further, one pole moves towards the threshold to eventually become a bound state while the other one moves further away from the physical regime -this behaviour was e.g. reported in Ref. [24] for the case of the light scalar meson f 0 (600), where the interaction strength was varied by a variation of the pion mass and was also observed in phenomenological studies [25] . We checked that indeed the mentioned types of poles appear by the unitarization. As can be read off Table 3 , showing the pole positions for the single channel calculations, for h ′ 5 = +1 in the D sK channel there appears a pair of resonance poles below the D sK threshold. For the other parameter set displayed in the table (h ′ 5 = −1) those changed into two virtual states. For the full calculation with coupled channels for both parameter sets there are only resonance poles. In addition there are pairs of resonance poles in the second Riemann sheet for the channels (0, 1/2) Dπ and (−1, 0) DK. The former one was found already previously in Ref. [7] . Note also that our findings for the scattering length in that channel are consistent with those of Ref. [11] within the theoretical uncertainty. In the (1, 0) DK even a bound state appears. As a consequence the scattering length changes its sign. In Refs. [26] in was shown that for bound states near a threshold one may write for the scattering length
Applied to the D *
for the binding energy,
for the reduced mass, and 1/β, the range of forces, may be estimated via β ∼ m ρ . The quantity Z, which can be identified with the wave function renormalization constant, is a measure of the molecular component of the state, with Z = 1 (Z = 0) for a pure elementary (molecular) state. Taking Z = 0, the above equation gives a
(1,0) DK→DK = −1.05 fm, which is close to the value listed in Table 2 . Thus, would this value be extracted from lattice simulations in the future, it would be a direct proof for the molecular nature of the D * s0 (2317). For (S, I) = (0, 1/2), (1, 0) and (1, 1), there are more channels with the same quantum numbers, and the unitarization should include also the coupled-channel effect (called CUChPT for simplicity). The off-diagonal interactions can induce an imaginary part to the scattering length for those channels coupling to a channel with a lower threshold. The results with coupled-channel unitarization are given in the column denoted by CUChPT in Table 2 . From the amplitude coefficients for (S, I) = (0, 1/2) in Table 1 , one finds the off-diagonal interactions for the D sK to Dπ and Dη are large. As can be seen from the line labled by V ii = 0 in Table 4 they alone can already produce poles. For the full calculation their effect is to move the poles on the second Riemann sheet of the one-channel D sK → D sK amplitude to a pole in the relative first Riemann sheet of the D sK channel (that is the Riemann sheet with positive imaginary part of the center-of-mass system (cms) three-momentum in this channel and negative cms three-momentum in the other two channels -for the full calculation this sheet is labled as III, for by convention the first sheet is related to the channel with the lightest threshold). The appearance of the pole on that physical sheet again leads to a change in sign of the real parts of the scattering lengths for both the Dη and D sK channels. For (S, I) = (1, 1), the LO diagonal interactions vanish, and the NLO ones are repulsive. The off-diagonal interaction however produces a pole which is shown in the last line in Table 4 . Thus the pole is purely a coupled-channel effect. Because of the pole the imaginary part of the scattering length in the (1, 1) DK channel becomes much larger than its real part, a direct reflection of the coupledchannel effect.
There are no experimental data for the scattering of Goldstone bosons off D-mesons available. However, for four of the channels discussed above results of lattice gauge theory calculations were recently published [5] .These lattice data have to be taken with a grain of salt as they have been obtained for a single lattice spacing and volume, thus leaving room for sizeable systematic discretization effects.The resulting scattering lengths are also shown in Table 2 . To illustrate the level of agreement for the LO, NLO, and UChPT calculations with the lattice data the results for three of the channels are also shown in Fig. 2 (so far lattice data exist only for channels without channel coupling). For the fourth channel investigated on the lattice the scattering length is very small as it is for all the different calculations we performed. Instead of this channel, in the figure we show the channel (−1, 0) DK → DK, which could be easily investigated on the lattice with the same tools already employed in Ref. [5] . The first and important observation is that the NLO corrections are generally small -the series appears to be well behaved. In addition, the figure shows that for two of the channels, (0, interaction and consequently by the unitarization the repulsion gets weakened -the scattering length gets smaller in magnitude. We checked that in our calculation the leading loop, formally a next-to-next-to-leading order contribution, already gives the bulk of the effect. Thus here the lattice results clearly show the trace of a higher order hadron-hadron interaction. As the first panel of the figure shows, we predict an even more dramatic effect in the channel (−1, 0) DK → DK. As discussed above, here the interaction is attractive and the large change in the scattering length is the consequence of the appearance of a resonance state in the scattering matrix -clearly a nonperturbative phenomenon. It would therefore be of high theoretical interest to have lattice results for this channel as well. Ideally lattice simulations would be available for all channels calculated. As can be read off Table 2 , in some channels the effect from the unitarization is very large while in others it is quite moderate. All this is calculated without any free parameter. Therefore a comparison of the lattice results to those from our calculation would provide a very non-trivial test of the presence of non-perturbative hadron-hadron interactions.
Chiral extrapolation
The lattice results used here are calculated with finite lattice spacing and at unphysical masses of the u and d quarksthe masses of the strange and charm quarks are chosen at their physical values. In the lattice calculation of the charmed mesonlight hadron interactions [5] , the lattice spacing is b = 0.12 fm. The mass of the s quark is 80 MeV, which is consistent with its physical mass, and four values are chosen for the masses of the u and d quarks which are 11 MeV, 16 MeV, 32 MeV and 48 MeV, respectively. Evidently, these are larger than the physical u (d) quark mass. To compare the lattice results with the physical quantities, one needs to do extrapolations. Here we only discuss the chiral extrapolation of the results from the unphysical quark masses to the physical quark mass. In Ref. [5] , the authors parameterize the scattering lengths using the first non-vanishing term in the chiral expansion. They used c 1 +c 2 M π /F π to extrapolate the I = 3/2 Dπ scattering length, and c 1 + c 2 M Table 2 and Fig. 2 .
The lattice results for the scattering lengths at unphysical quark masses are given at several chosen values of M π /F π , which were taken from Ref. [28] . Therefore, we take the corresponding values of unphysical M π from the same paper for the lattice data points shown in Fig. 3 . Although the masses of the charmed mesons have been expanded to one loop order [29] , for our purpose we only need to work to O(M 2 π ). From the Lagrangian given in Eq. (5), modulo an overall unmeasurable term proportional to χ + which can be absorbed into the large-N c suppressed h 0 term, one gets for the NLO correction to the mass squares of the charmed mesons Eq. (15), the mass of the D meson up to NLO can be written as 
where • M K denotes the mass of the kaon in the SU(2) chiral limit m u = m d = 0, i.e.
• M 2 K = Bm s . With the above expansion of M D and M K , one is ready to extrapolate the results given in Section 2 in the physical world to the world with unphysical quark masses. Assuming the subtraction constant to be M π -independent, which is true to NLO, the chiral extrapolations of the results using UChPT for the same channels as in Fig. 2 are shown in Fig. 3 together with the lattice data. The description of the lattice data is rather good. The width of the band reflects the remaining freedom in the choice of the parameters which is taken as an estimate of higher order effects. For comparison with the dashed line we also show the result to leading order. Although influencing the magnitude of the scattering lengths in all channels, only in the (0, 3/2) Dπ channel the higher order effects also changed the pion mass dependence, since only in this channel the changes in the light quark masses are not dwarfed by the large strange quark mass.
As discussed before, in the (0, 1/2) Dπ and the (1, 0) DK channels, poles get generated through the unitarization which govern the low-energy physics. Their presence is made apparent in Fig. 4 , which gives the quark mass dependence of the scattering lengths for these channels predicted in CUChPT. To do the calculations the mass of the η, which enters the coupledchannel calculations, was expanded as
The strength of the attractive interaction in the (0, 1/2) Dπ channel is measured by M π . When M π is increased to some value, the interaction becomes strong enough to form a bound state. The structure shown in the left panel of Fig. 4 is a nice illustration of the physics discussed in Subsection 2.2. In the (1, 0) DK channel, on the other hand, the strength of the interaction is controlled by M K , which is changed only moderately when the u, d quark masses get increased. As a result also the scattering length shows a weak M π dependence.
Summary
In this paper we calculated the scattering lengths for all the Goldstone boson-D-meson scattering channels using both chiral perturbation theory as well as a unitarized version of it. We found that for some channels the unitarization produced new singularities in the S-matrix, in some cases as virtual states or resonances, in some cases as bound states. One of these dynamically generated singularities can be identified with the experimentally well established D * s0 (2317), that was identified as a hadronic molecule in various works [6, 7, 8, 9] . However, we found more non-perturbative effects and demonstrated that a determination of scattering lengths on the lattice provides an ideal tool to investigate them.
In the present work, we do not consider isospin violation. In this Appendix, we give the relations between the scattering amplitudes in isospin basis and in particle basis which are useful in derivations. Before that, let us give the definition of Mandelstam variables and the phase convention for the isospin eigenstates 
